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Introduction

For a graph G(V, E), let A(®e the adjacency matrix of G. The graph G is salokisingular if A(G) is
singular. The nullity of G is denoted byG), is the algebraimultiplicity of the zero eigenvalue in tl
spectra of G. In addition to its evident relevameespectral graph theory, the nullity | a noteworthy
applications for instance to networks in computeiersce and electrical circu and chemistry. The
recogition of this fact, it is starting point of an ummedented activity in theoretical and mathema
chemistry and now a days referred to as chemiaglgtheory[2], [7] and [13. Most of the following
concepts are found in [1, 3, 6, 8].

Let G le a graph with p vertices and q edges. degree of vertex v in a graph G, denoted by ¢(v), is
the number of edges incident with v. A graphregular if all vertices have the same degree. -
neighborhood Ng(v) of vertex v is the set of all verticef G which are adjacent to v. Two edges incic
with the same vertex are said to be adjacent €

Definition 1.1 [7]: Theadjacency matrix A(G)=[a;;] of labeled graph G with vertex set V=,,v,,...,Vp} is
pxp matrix in which g=1 if v, and y are adjacent and O if they are not.
The adjacent matrix of any graph G is always rgalmeetric (0,1) zero diagonal mati

Definition 1.2: Thecharacteristic polynomial of the adjacency matrix A=A(G) of a graph G witlrgrtices
denoted byf (G, A) with the convention that the coeffici of the highest order term is positiv f (G, A)
=Det(Al - A) therefore, the characteristic polynomial of a gr&bf order p is a polynomial of graph

P _
with degree p:  (G,A) =) aA™
i=0
Definition 1.3: Theeigenvalues of a graph G of order p are defined to be the efgleres of the adjacen:
matrix associated with the graph G. That is if G hdjacency matrix A(G), then the eigenvalues airé

these p ( not necessarily distinctymber A which satisfieshe determinant equatic Det(A-Al ) =0
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since the adjacent matrix A(G) is non-negativea) reatrix, then all eigenvalues of A are real alvdags
has a non-negative eigenvalue r such that a#tigisnvalues do not exceed r.

Equivalently, a numbedA is an eigenvalue of G if there exists a non zerx& pector x (called an
eigenvector ofl ) such that AX%X. [1] and [7]. The spectra,&) of G [8] is another matrix of two rows,
the first of which contains the eigenvalues of @ tre second the multiplicities of the eigenvalue.
Definition 1.4: [2] Path graph denoted by pis a graph with n vertices and n-1 edges, of ond@nd size n-
1.

Thestar graph S, is a complete bipartite graph Kof order m+1 and size m.
Definition 1.5: A cycle graph G (m= 3) has m vertices and m edges; each vertex is of degree 2.

The nullity of a graph.
A graph G is said to be singular graph provitteat its adjacency matrix A(G) is singular matiix.the
other words if and only if, zero is a root of tHecacteristic polynomial (G, 1) .

Definition 2.1: Nullity of a graph

The nullity of a graph or the singularity ofdenoted byy(G) is the multiplicity of zero as an eigenvalue
in its spectra §%G). [5]
Definition 2.2: A vertexweighting of a graph G is a functiorf :V(G) - R (the set of real number), that
assign a real number to each vertex of G. The wieiglf G is said to be non-trivial if there islaaist one
vV(G) for which f (v) # 0.[16]
Definition 2.3 [5]: A non-trivial vertex weighting of a graph G is lea azer o-sum weighting provided that
for eachv [V (G) z f (W) =0 where the summation is taken overvelll N (V) .

Out of all zero—sum weighting of a graph Giigh zer o-sum weighting of G is one that uses maximum
number of non- zero independent variables whictogghby M, (G) .

Proposition 2.4[15]: M (G) =7(G).
Applying weighting techniques defined in 2.3 grdposition 2.4, some results are proved in [51B].

The problem is that how to find a relation betwéled graph structure and the nullity. This relatiamn
perhaps be expressed by a set of rules by whidityntdn be determined.

@-(=1"

Theorem 2.5: The nullity of path pis equal toT means thathave nullity one if n is odd [9].

Theorem 2.6 [13]: The nullity of star graph;$,is m-2 in general.

Theorem 2.7 [7]: The nullity of cycle graph &is one iff nE0(mod4), i.e: G is singulariff m=4k for
k=1,2,...,n.

Nullity of identifying path with other graphs.

In this paper, we investigate the problem ohtdging the vertices of a path graph guch that we can
uniquely identify any vertex in the path with thertices of another graph G by examining the vestibat
cover it.

Definition 3.1[8]: vertex identifying graphs G G..

If G; and G be two connected graphs with disjoint vertex §&t¥, , and u, v be any two vertices of G
and G respectively, then the graph*G5, is obtained by identifying the vertices u and vsaswn in
Figure.1.
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Example 3.2: Identifying vertex of two graphs ; and G are shown in Figure .1.

N

v
u
G: G,

Gl. Gz
Fig .1. Graph @ G, obtained by identifying two vertices u an

We construct a new graphyj®y identifying the different vertices of patl, of different order n witl
some special graphs like star, cycle and complghéch causes the decreng or increasing the nullit
depending on the type of the graph and identifjiagex in |, if it is end vertices 1,u, neighbor of end
vertices y,u,.1 or other vertices of degree two i,.

Let G, be a graph obtained by identifying pat, with star graph &, , i.e: G, UF,* S, , then the

nullity of G, changes according to the change of n (the ordpatbf, while n is odd or even) and the cha
of identifying vertex in thepath and in star gray

Example 3.3: The grathp OR, ¢ S¢. Shown in Figure2, where the identifying vertices ars in path
and v (one of end vertices) of star.

Ly Lz ugzevy LUa L

. L L L
¥z Y
W3 g
¥y
Fig.2, Ps 5.

Theorem 3.4: For a path?, (n is odd), the nullity oG, IR, * S, is defined as follow:
i) /7(Gp) =m-1 If identifying end vertex of star with any vertekmath ,u,,...,u,.
i) /7(Gp) =m+1 If identifying cente V, in star with even labels vages of path, i.euy,Us,...,U.1

iii) /7(Gp) =m-1 If identifying cente V,in star with odd labels vertices of path, u;,us,...,U,

Proof :
Case(i): Letf(v) be the weights of the each vertici in G, such that the weights of the vers
Uy, W,...,U, of path p, be of the forn—y,0,y,0,...... y1 (since the number of vertices is odd, then the

of the last vertex is;yor —y;) and the weights of end vertice;,vs,... v, of star beginning from identifyin
vertex i be V,y»,....,.ym and thecenter of star, weights zero as illustrated in Fig.3.

u; u; us Un-1 Upn,V1

Fig .3.The zero sum weighting o}, Where y identifying with  or u, or any other vertex of;,
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To apply the condition Z f (w) =0 for each vertex in G we get y+yo+...+Ym+Ym=0 put Yi=-y;-Yo-

WIN(Y; )
...-Ym1 ,then the high zero sum weighting for the graphe@sts, which uses exactly (m-1) independent
variables. Thereforg (G, ) =m-1.

Where if the identifying vertex in path is inem order g U, ..... , U.1 Which has 0 weights, the non-zero

independent variables used to get the zero sunthtitedg Z f (w) =0,for all vertex v in Gin this case is:
WIN(V;)

Y1ty +0+ytyst. . +yimi=0, (zero is the weight of identifying verticeg uv,)
Means that y=Yyi-Yi-Yo-Ya-...... -¥m-1. Which is used exactly m-1 independent variables.

Case (ii)):  The weights of vertices of the path ip G in form X,0,%,0,-%,0,...,.% and the weight of
vertices of the star graph,Sis f(v,) =Y, i=1,2,....mandf(Vv,) =0 as shown in Figure .4.

Fig.4. The high zero sum weighting farwith even vertex of p

m m
Toget Y f(w)=0, we must havex +x,+ >y, =0 implies that x, ==X = >y, , to get the zero-
WIN(v; ) i=1 i=1
sum weighting, then a high zero sum weighting fgrefdsts, and uses exactly (m+1) non-zero indepéanden
variables, that is the nullity of s m+1.
Case (iii):
Let the weights of the vertices of the path fosttase is shown in Figure 5 be of the form0Oxx, .... , 0,
or —x Where the weighting of odd order verticé$¢v,) = X or —x for i=1,3,5,...,n.

X1 X1 OF -X;

Fig .5. The zero-sum weighting of, @ identifying v, with odd order vertex ofp

For applying the zero sum weighting we haEyi =0, to get Z f(w) =0, then y=-y1-Yo-...."Ym-1

i=1 WON(v;)

and f(v,) = f(v,) =—X where y or v are the neighbors of end vertices of star graph,$o it must be
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zero to get the zero-sum weighting. Then the omg-pero independent variable used to get zero sum
weighting of G in this case arey)ys,ys, ...,ym.1 which is the high zero sum weighting thg{G,) = m-1.
Theorem 3.5: If nis even in path, the nullity of Gs defined as follow:

i) /7(Gp) =m-1 If identifying end vertices of the star with angrtex of the path.

ii)/](Gp) =m if identifying vertex \§ (center vertex of the star) in a star with any exexdf R,

Proof: If n is even, then Pis nonsingular; Theorem 2.5 means #a(P,) =0 and it does not possess the

zero sum weighting.
i) If identifying any end vertex of star with verticef B, as shown in Figure .6, the weights of the vertmfes

path must be zerof (u) =0, i =1,2,...,n andf(v,) =0, sinceV, is the only neighbor of m vertices in the
star. But the weights of end vertices of star béhefform y,y,,...,yn beginning with identifying vertex;v
with u;, then y=0 and to apply Z f(w) =0,

WIN(Y; )
YotYat...+Ym=0 — Y= -¥2-Yz-...-Ym1 , then the high zero sum weightild, (G) Exist for the graplfG,)
which used exactly m-2 non zero independent vasabl

OM(G,)=m-2.

Fig.6. The zero-sum weighting of u4«v1 in Gp (emdtex of star with any vertex in path)

ii) Two cases are considered:
a) If the identifying vertices in path have the oddstript y,us,...,U1 the weighting of identifying
vertex yand y, is zero, f()=f(ui.1)=0 and the weights of the other vertices of patj,
f (uD),f(uy),...,f(u.2) and f(w1),f(Uir2),...,f(Un1) is of the form x,0,-X,..., as shown in Figure.7.

® <
® 0
®

Fig .7. Identifying vertices ui where i is odd
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To apply Z f (w) = Ofor each vertex vin Gy, x+y1+yo+...+yw=0 — X=-Y1-Y,-...-Ym, then the graph

wan(v; )
G,, possess the zero sum and uses exactly m nonroEpendent variables in high zero sum weightimgth
M(G,)=m.
b) But if identifying vertex is even vertices in patfu;)=f(u..1)=0, and the weights of the other vertices must
be of the form x,0,-x,...., then(Gp) =m as indicated in Figure.8.

X 0 0 -X
° ° ° °
Fig .8. Identifying vertices;where i is even
Remark: All the eigenvalued, , i =12,...,n-7(G,) (all eigenvalues rather than zero eigenvalues, i.e +a,

*b,... ) of the new graph Gs symmetric around zeros eigenvalue.

Now we investigate a new class of graphs by iflém¢j operation, by construct a graph & identifying
path B with complete graph K
Definition 3.6: Complete graph denoted by, Ks a graph of order p in which each vertex is eefja to all
other vertices and have degree p-1, and its non-singaph dor each i, i=2,...,p [6].

LetG, OR, « K, determined the nullity of this graph where thenltfging vertex is either end vertices or

others (vertices of degree 2) in the path, withayex of K( Kyis a regular graph and all vertices have the
same degree) in the following theorems:
Theorem 3.7: For a path RP(n is odd), the nullity of graph,Gs defined as follow:

i) 7(G,) =1 If identifying any vertex of Kwith vertices (wor ) of path R.

i) 7(G,) =0 Otherwise.

Proof:

i): Since complete graph is non-singular, means thet ot possess the zero sum weighting and any
variables used for zero sum weighting must be aatbthe non-zero independent variables used ustgeig
of path R in the graph Gis only one as shown in Figure 9, then the high gam weighting exist and equal
to one which is means that the nullity of i& one.

ii): If identifying any other vertices in path neithernor y, sthe weights of the identifying vertex is x or —x

to apply Z f (w) =0, for all v in G, then x must be zero since its neighborhood seteties of K, all
WIN(V;)

with weights zero. S¢(G,) =0.

190



JZS (2017) 19 — 2 (Part-A)

Fig .9. The zero sum weighting foy with k;

Theorem.3.8: For a path Pn (n is even), the nullity is definede 77(G,) =0 for any vertex in path Pn.

Proof: It is obvious since no path nor any complete gragghsingular, if we used any variables to get any
zero-sum weighting, each variable must be zero.
4. The nullity of identifying path with cycle:

In graph theory, the term cycle may refer tdased path. If repeated vertices are allowesl more often
called a closed walk, in this paper we take a gnggtle with no repeated vertices nor edges ottear the
ending vertices.

Now the new graph in this section @fined to be the graph obtained by identifyinifiedent vertices u
of the path with a vertex in cycle,©f a different order.

We obtain a new graph which is different fréme basic graphs in order, size and degree ofcesraand

especially in nullity. LetG, L P, » C,_, we define the nullity of this new graph in théidwing theorems:
Theorem 4.1: For a path Pn (n is odd), the nullity & is defined as:
Case 1: if mis odd in cycle graph
i) n7(G,) =1 if identifying any vertex of cycle @with the even subscript vertices of path Pn.
ii) 7(G,) = 0 if identifying any vertex of cycle gwith the odd subscript vertices of path Pn.
Case 2: if m is evenin cycle graph Cm.
i) if m=0(mod4)in cycle G,, thenn(G,) =2
i) if m#0(mod4), then
n(G,) = 2 If identifying vertex is even in path,P
n(G,) =0 if identifying vertex is odd in path,P

Proof:

Case 1: i), The weights of vertices of path, where identifyuggtex is even must be of the form
X,0,7X,...,X,0,-X as shown in figure (10). That i® tlweights of even subscript order vertices is asnagro,
and f(v)=0,0v, OV(c,), then the zero-sum Weightingz f(w) =0 exist and used only one non-zero

WON(%)
variable x, means that the nullity is one.

- °u -
s UL o D S — %

[ 23

Fig .10. The identifying vertex has even subsdriiath R
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(i) Identifying odd subscript vertices Fas shown in Figure 11.
f(u)=x, or x , i=1,3,...,n and to get the zero sum weightinghage x+-x)=0, since for identifying verte

vi(i is odd) to apply Z f(W)=0, 0+0+Xx+0+X+......... =0 neans that ,there is no any variable L
WON(v)

to get the zero sum weighting of this graph. Santhiéty of this graph is zer«7(G,) = 0.

° o——@--------- —+o

@ x
® O

Fig .11. The identifying vertex has odd labels , where n is odd
case 2:

i) If m=0( mod 4):

The weights of identifying vertex in path part exa ifit is even and x or —x it is odd so depending on
the weights of identifying vertex f), i=1,...,n , changes the weights of vertices ofleyas illustrated i
Figure 12, 13 to be oy;-o0,vY,.... for first case and -y, -X, vy, ..... for seond case, in two ses the zero-
sum weighting exist and uses exactly two independariables x nd y implies that the high ze-sum
weighting exist and MG)=2
theny(G,) =2.

.=
a0
:
9=
—
f- >
.
.
.
)
—
[ ]
i
i
i
i
i
i
i
i

.}{
'
v
A
|
[

tex of Cn
i) If m#zumoa4):
If identifying vertex in path is even.e 2,4,...., n, the weights of the vertices ahga x, 0,-x,0,.... ,
f(ui)=0 if i is even.
The weights of the vertices of thgcle must be of the form y-y,... and the weights of even vertices ; is
zero so we use exactly x,y two independent vles to get the zero sum weighting as showFigure.14.

\\”/
y

Fig. 14 The identifying vertex has even labelsmwhen n is od
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But if identifying vertex is odd, then 1)=x or —x for i=1,3,5,...,rt which don’tpossess the zero sum
weighting since x=y=0, sg(c,,) = 0 for this case, see Figure.15.

Fig .15. Mot posses zero sum weighting

Theorem 4.2: For a path Pn (n is eve, the nullity of G, LI1P, ¢ C_is defined as follow
i) 7(G,)=1if mis even

i) 7(G,) =0if mis odd

Proof:

i): To apply Z f (w) =0 for each vertex of new gra G; as shown in igure 16, then
WON(v)

f(u)=00i =1,...,n ythe vertices of path part and;)=0,x,0,-x,0,..., vthe vertices of cycle pa
Beginning from identifying vertex, then in the zesam weighting we use only x (one variat to get the
highzero sum weighting of the grapt,, means thay(G,) =1.

] ]
L L

[ N=!
L J
1
1 1
= |
1
- 1
]
.
ﬁ

Fig.1l&,

Fig.16 The identifying vertex of Pn wre n is even with vertex of Cm, (mis ev
ii): If mis odd, it is obvious, the grajdoes not possess the zero-sum weightmen 77(G,) = 0.

Conclusion: In general the nullity cspecial graphs are defined this work we define some new grag
which constructed by the identifying operation betw the path graph and others, and we find th@ynafl
these graphs by simple way.
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